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Tom tat:
Bai viét trinh bay cac budc thiét lap
cOng thuc tinh nhiét d6 tai moét trong cac
diém nut bat ky trong mang cac dudng
vuong géc hai chiéu x, y. Xét trudng
hgp dan nhiét 8n dinh khéng c6 nguén
nhiét bén trong, trudng nhiét d6 dugc
mo tad bdi toan tu Laplace trong hé toa
do Descartes hai chiéu. Phuong phap sai
phan hitu han (FDM) dugc ap dung dé
tinh gia tri nhiét d6 ctia bon nut trong
ludi x, y trén tdm hai chiéu. Cac phuong
trinh nut dugc viét va phuong phap
Gauss cling dugc st dung dé giai cac hé
phuong trinh nay va két qua clia chung
la nhiét d6 tai cac nut khac nhau.
Tir khéa: Dan nhiétén dinh hai chiéu, Phuong
phdp saiphdn hiiu han, Phuong phdp Gauss.
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Abstract:
This article presents the steps to establish
the formula for calculating temperatures at
any of the nodal points within in the network
of two-dimensional perpendicular lines x, y.
Consider in the case of stable heat conduction
without an internal heat source, the tempera-
ture field is described by the Laplace operator
in the two-dimensional Cartesian coordinate
system. Finite difference method (FDM) is
adopted to calculate the temperature value
of four nodes in the x, y grid on a two-dimen-
sional plate. The nodal equations are written,
and Gauss method is also used to solve these
system of equations and their results are the
temperatures at the various nodes.
Keywords: Two-dimensional steady-state heat
Conduction, Finite Difference Method, Gauss Method.
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1.Issue

In many fields of engineering heat
transfer by conduction, convection,
and radiation are considered as crucial
processes.

Heat transfer is a thermal movement
that facilitates the exchange of energy
between materials (solid/liquid/gas) as
a result of a temperature difference [1].
Heat conduction, also called diffusion, is
the method of transferring energy from
higher energy particles to lower energy
particles by collision of particles or lattice
vibrations [1].

This is a physical process in which heat
propagates from a temperature source
alongasectionofareaorvolume, producing
thermal gradients. This phenomenon can
be classified as a steady state when the
heat transmitted in a system is constant
and only the temperature varies at each
point in the system.

This article is targeted solely on
only the heat transfer by conduction in
steady state condition through a two-
dimensional rectangular plate. With
the application of the Finite Difference
Method (FDM) [1], it is possible to solve
heat transfer problems by conduction
numerically in a relatively fast. This
is a numerical method that can be
used to solve differential equations by
discretizing the continuous physical
domain in a finite discrete mesh [2].
Besides, the Gauss Method is also
applied to solve the temperature
calculation of discrete points in this
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problem [3].
2. Content
2.1. Problem for two-dimensional
steady state heat conduction
Depending on the magnitude of
the conduction in each direction and
the determination of the problem
solution, heat transmission can be

classified into one-direction, two-
direction and three-direction. As
mentioned in the introduction to

the article, temperature distribution
problems inside a plate without heat
generation with the two-dimensional
(2D) mesh conduction mechanisms
are addressed, considering in a
steady state. The general form of
heat equation can be applied to two
dimensional thermal problems with
boundary conditions of type one.

In this section we consider the
numerical formulation and solution
of two-dimensional steady heat
conductioninrectangularcoordinates
using the finite difference method.

A rectangular plate of x mm Xy
mm. The grid size assumed is in both
directions. This plate is insulated
everywhere. Besides, the temperature
can be set at a prescribed level at
edges, it indicates that heat transfer
is limited to the x and y dimensions.
The objective is to analyze the
interior points temperatures (T,, T,, T,
& T,). Figure 1 shows an element on
the face of a thin rectangular plate of
thickness.
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Fig.1. Rectangular plate

The Laplace equations are typically
used to characterize steady-state,
boundary value problems [2]. We will
illustrate a simple case - The Laplace
in two-dimensional

equation steady

state heat conduction is given by

at . 94t
S 4+—=0
dx?  dy?

The application of the Finite Differ-
ence Method (FDM) [4], two dimensional
thermal problems with boundary condi-
tions of type one can be solved.

Finite-difference representations
based on treating the plate as a grid of
discrete points are substituted for the
partial derivatives in Eq. (1).

Now consider a rectangular region for
t (x, y) which forms the closed boundary

in Fig. 2.
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Fig.2. Two-dimensional numerical analysis
of heat conduction
With substitutions of the first order
derivative by the finite difference method,
we obtain:
at At _ tij—li-qj

E - Ax Ax @)
Similarly, we can write
2%t o A tipq,jtti—1,j—2t;; 3)
dx2  AxAx (Ax)?
9%t A(AY) _ tij-ittijri—2ti; @)

ay? ~ Aydy (Ay)*?
To find (1), we can substitute Eq. (3)
and Eq. (4) into Eq. (1) results in

Cigq,jtli-gj—2t

ij
(Ax)? +
tijj—1ttij+1—2t; 0 (5)
(Ay)?

If we divide the region into square
region of each, then the Laplace equation
can be written as

by jrtiog it o tE g

t

This relationship, which holds for all
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interior points on the plate, is referred to
as the Laplacian difference equation [1].

In addition, boundary conditions
along the edges of the plate must be
specifi ed to obtain a unique solution. The
simplest case is where the temperature at
the boundary is set at a fixed value [1]. This
is called a Dirichlet boundary condition.

Note that for the case where there are
sources or sinks of heat within the two-di-
mensional domain, the equation can be
represented as

’t | 9%t
oz T oy =S (0) 7)

where f (x, y) is a function describing

the sources or sinks of heat. Equation (7)
is referred to as the Poisson equation [1].

2.2. Example

We consideranexamplewithaconcrete
beam having the cross section shown
is fig 3. In fig. 3, temperature conditions
along the edges of the plate are held at
constant levels. The objective is to analyze
the interior points temperatures (T1, T2, T3
&T,).
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Fig. 3. Temperature distribution for a
concrete beam subject to fixed boundary
conditions [5].

Applying Eq. (6) at node (i, j) gives
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oty iy T lijog T lije
L] — 4
For nodes 1, 2, 3, 4, Eq. (6) can be used
to compute
4t, =30+35+1t,+ 25
4t =t +35+1t,+t,
4t,=t,+35+30+25
4, =t,+25+20+25
We have a system with four equations
with four unknowns:

4t1 -t =90

1+ 4t -t3—13 =35
-t2+4t3=90
-t2+4t4=70
Or

4t1 - 12 + 0tz + 0t = 90
-t1+4t-t3-t4 =35
O.t1-t2+4t3+ 0t =90
Ot1-t2+0tz3 +4t4 =70

In order to make simple, this linear
equation system can be solved by the
Gauss method.

2.3.The Gauss Method

Oneofthemostcommonlyemployed
approach in two-dimensional steady
state heat conduction Problem is Gauss
method. This method used to solve the
linear equation systems which include
elementary transformation consists in
bringing the initial equa-tion system in
equivalent form [6].

On the first, the transformation of
the initial system is made in a triangle
system form. We can eliminate the
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unknown from equations with three
elementary operations as

«Swap the positions of the two
equations each other.

«Product non-zero constant with
one equation.

«The difference
equations and replace the second
the

between two

equation with result of this
operation.

As a next step, we solve triangle
matrix system consistsin determination
of the unknowns and substitution them
in equations of the system in inverse
order. This phase is inverse substitution
phase, or it means the backtracking
method. The Gauss method can be
generalized and applied to the solution
of m systems of n linear equations with
n unknown.

The Gauss method can be detailed
to solve Eq (8), where we consider the
matrix contains four rows and four
columns.

Eq. (8) becomes

-t1+4t-t3-t4=35

O0.t1-tp+4t3+0t2=90

(9)
Ot1 -t +0t3+4t4=70

4t1 -t + Otz + Otz = 90
Extended matrix form is written:
A= (35907090) (10)

We use elementary transformations
(line-by-line) to bring the matrix A to
the ladder matrix

Ad, > d, +4d, —» (359070230) d,
Sdy—dyd,
- d, +15d,
- (3590 —201580)

d, —» dy + 14d; —» (3590 —
201300 )
We can rewrite Eq. (9)
t1+4t;-t3-1t3=35

Oty - t +4t3 + 0t4 =90

(1)
0.t1+ 0ty -4t3+ 4143, =-20

0t; + Oty +0t3 + 52t4 = 1300

From the obtained results, we can eas-
ily find the solution of Eq. (9)

t1=30
t2=30
t3 =30 12
ta=25

So, the interior points temperatures
(T, T, T.& T, were calculated through
above calculation and analysis.

Consequently, through the
calculation and analysis, we can apply
the mathematical technique performed
for the prediction of the temperature
distribution at the inside points of the
rectangular plate.

3. Conclusions

In studies of heat conduction issues,
the two-dimensional thermal problems
have many applications in many fields
of science and engineering like the con-
struction engineering, bioengineering,
power engineering, chemical engineer-
ing, nuclear physics, and so on. This ar-
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ticle contains the description of the heat
equation is given by the Laplace equa-
tion in two-dimensional steady state
condition.

The content compiled help readers
get used to problem for heat networks.
Also, it is one of the most crucial lectures
the module Heat Transfer Engineering
for the bilingual training program and
international student.
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